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1.1. Statement of the Problem
The paper of Mickens and Ramadhani^ applied the perturbation method
of Krylov-Bogoliubov-Mitropolsky to calculate an analytic approximation to the
conservative oscillator
(1-1) y+y + e|y|y = 0, 0 < e < 1,
where e is a small parameter. These calculations covered more than thirty notebook
pages. The huge amovmt of algebraic work is related to the fact that the absolute
value, |y|, appears in the nonlinear term.
The problem investigated in this thesis is to apply the method of harmonic
balance^ to the related nonlinear equation
(1-2) y + |y|y = 0.
This equation does not contain a linear term in y, consequently, none of the usual
methods of perturbation can be used to determine approximations to its solutions.
A major advantage of the harmonic balance procedure is that it can be applied to
problems for which the nonlinearities are large. Also, there is no restriction, for
conservative systems, on the size of any “small parameters” such as e.
1.2. Summary of Thesis
Using the method of generalized harmonic balance^, the following form
was assumed for an approximation to the solution of Eq. (1.2)
A cos 9
(1.3) y{*) = 1 + B cos 29 ’
9 =
2
where {A,B,uj) are unknown amplitudes and the angular frequency. Selecting the
initial conditions
(1.4) y(0) = yo = given, y(0)
gives the following results for (A,B,u}):
(1.5) A ~ (0.946)yo,
(1.6) B ~ -0.054,
(1.7) (Jj ~ {0.908)y/^.
1.3. Quadratic Nonlinearities
The best known example of a nonlinear oscillator having a quadratic term
containing an absolute value expression is the Lewis oscillator^
(1.8) y + y = e{l-\y\)y, 0 < e < 1.
This equation has a single stable limit-cycle (i.e., periodic solution). Consequently,
the solutions to Eq. (1.8) have many of the features associated with the well-known
van der Pol differential equation®
(1.9) y + y = e{l-y^)y, 0 < e < 1.
This is not surprising since the two functions
(1.10) fi(y) = 1 - Ivl.
3
(1-11) My) = l-y\
have the same topological properties and, from general mathematical considerations,
must give rise to solutions having the same topological structure."^’®
Another interest in the study of oscillatory systems with quadratic non¬
linear terms, of the form \y\y, is that this expression is non-analytic at y = 0 due
to the appearance of the absolute value |y|. One consequence is that the usual
expansion in e perturbation series methods® cannot be applied to this situation.^
However, averaging procedures do work as illustrated by the paper of Mickens and
Ramadhani^. The major problem with averaging procedures is the huge amount of
algebraic work required to obtain an answer.
1.4. Outline of Thesis
Chapter Two presents a variety of background material in summary form.
These include a proof that ail the solutions to Eq. (1.2) are bounded and periodic;
the definition of the Fourier coefficients for a periodic function; and the Fourier
expansions for |cos0| and |cos^|cos^. Chapter Three gives the details of the cal¬
culations for the determination of the approximate solutions to Eq. (1.2). Finally,




2.1. Derivative of |y|
The absolute value function, |y|, appears in Eq. (1.2). It is of interest
to select a definition for this function that allows a direct means of obtaining its
derivative. In particular this is needed to show that Eq. (1.2) follows from the
energy principle given in the next section.
We define /(y) = |y| as follows
(2.1) f{y) = |y| = \/^.
This definition allows the derivative of /(y) to be found by directly applying the







where the “sign” function is
(2.4) sign(y) = +1, for y > 0;
— 1, for y < 0.
2.2. Energy Principle
The differential equation (1.2) has the following “first integral” or energy
conservation law
+ V’(y) = E >0,(2.5) 2
5
where the constant E is the total energy and the potential energy function V{y) is
(2.6) F(!,) =
To prove that Eq. (2.5) is a first integral, one need only take its derivative with
respect to time and then use the result given by Eq. (2.2). Doing this gives
(2.7) yy + |y|yy = 0,
and
(2.8) y+|y|y = 0, y ^ 0.
This non-negativity of both terms in Eq. (2.5) implies that all solutions
to this equation axe periodic. In other words, in the phase-plane, with variables
(y,y), the solution curves
(2.9) y = y(y)
are all closed. (This result follows directly from Lemma 2.2, page 15, of Verhulst.®)
2.3. Harmonic Balance
The method of harmonic balance can be used to construct analytic approx¬
imations to the periodic solutions of differential equations. The basis of the method
rests on the fact that the equations of interest have periodic solutions whose Fourier
coefficients decrease rapidly. The paper of Mickens^ gives conditions that the differ¬
ential equation must satisfy such that harmonic balance applies. In simplest form,
an assumed solution
(2.10) y = Acosujf,
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is substituted into the nonlinear differential equation
(2.11) F(y,y,y,t) = 0,
where F can be a nonlinear function of its arguments. After suitable mathematical
manipulation, the following result is obtained
(2.12) yi(A,u;)coswt + y2(A.,a;)sincjt + higher harmonics = 0,
where yi and §2 are known functions of the amplitude A and frequency lo. The
essence of the method is to ignore the higher harmonics and, consequently, set the
coefficients of cosut and sinut equal to zero, i.e.,
(2.13) gi(A,u) = 0, g2{A,u) = 0.
For “conservative” systems, g2{A,uj) does not occur and there is only one equation
which can be solved to relate the angular frequency to the amplitude A. For non¬
conservative systems, we have two equations to be solved to give the values of limit-
cyles and limit-points. Multi-solutions of these equations correspond to multi-
periodic solutions of the original differential equation.
The method of simple harmonic balance, as given by Eq. (2.10), can be
generalized.^ For example, the second-order approximation takes one of the follow¬
ing forms
(2.14) y(f) = Ai cos 9 -f- Bi cos 3^,
A cos 6
1 + B cos 29 ’(2,15) y(<) =
7
where {Ai, Bi, A, B) are the unknown amplitudes and u> is the angular frequency.
The variable 9 is
(2.16) 9 = ut.
2.4. Fourier Series
Consider a periodic function x(9) = x(9+2Tr). Its formal Fourier expansion
is
OO
(2.17) x{9) ~ ^ cos{k9) + bk sin(A;0)],
Jt=i
where the Fourier coefficients are given by the expressions
(2.18) ak = ^ J x{9) cos{k9)d9^
(2.19) bk = ^ J x{9) sm{k9)d9.
If x(6) is single-valued, has a finite number of maximum and minimum
values, and is continuous, then the Fourier expansion of Eq. (2.17) converges to
x(e).
Note that for our problem, the periodic solution, y{9), where 9 = u)t, has
at every point a third derivative.
2.5. Fourier Coefficients of |cos0|
From Eqs. (2.18) and (2.19), the following results are obtained for the
Fourier coefficients, ojt and bk, of the function | cos^|:
ojt = ^ J [cos^l cos(fc^)(i^
cos^l cos{k9)d9
cos 9 cos{k9)d9 — I cos 9 cos(k9)d9
J7r/2
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(n - l)(n + 1)’
k = 2,3,4,....







3.1. The Form y = Acos^/(l + Hcos2^)
We will now calculate an approximation to the periodic solutions of the
differential equation
(3.1) y + |y|y = 0
using the second approximation of the generalized harmonic balance method. The




\ + B cos 29 ’
The initial conditions are selected to be the following values
(3.3) y{0) = 1/0= given, 1/(0) = 0.
The imknown frequency u>, and amplitudes A and B, will be determined as functions
of yo, the initial position of the oscillator.^’® To obtain the necessary relations,
Eq. (3.2) must be substituted into Eq. (3.1), the coefficients of cos^ and cos 3^
calculated, and then set equal to zero. This is what the method of harmonic balance
requires. (See Section 2.3 and Mickens.^)
A long, but, direct calculation using the result of Section 2.5 and the
trigonometric relation
(3.4) cos^i COS62 = [cos(02 — ^1) + cos(^2 + ^1)]









{1 + B cos20)^y = —(u^A) {11 +B- IIB cos 6 + 3B cos3^ + H0H
where HOH stands for higher-order-haxmonics. Substitution of Eqs. (3.5) and (3.6)
into Eq. (3.1) and equating the coefficients of cos^ and cos 3^ equal to zero gives,
respectively, the two equations:
(3.7)
(3.8)







These axe two equations for the three unknowns A, 5 and iv. To obtain an equation
for 5 divide Eq. (3.7) by Eq. (3.8). Doing this gives the cubic equation
(3.9)
563\ /'338\ /129', „
The solution of interest is that one which is real and small. Following the arguments
of Mickens^, a good approximation to this solution is given by the value
(3.10) 5 ~ 129
~ -0.054.
Note that, as expected^, 5 is small, i.e.,
(3.11) |5|<1.
A consequence of this fact is that the denominator in the assumed functional form
for the solution, Eq. (3.2) is always positive. Of additional interest is the observation
that 5 is a pure number that does not depend on the initial condition y(0) = j/q.
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The angular frequency, a>, can now be determined from Eq. (3.8). It is
given by the expression
(3.12) _ C 8 \ [1 + A157ry - 3B] '
The substitution of the value for B, given by Eq. (3.10), gives the result
(3.13) u) ~ 0.933\/A.
We must now determine the amplitude A in terms of the initial conditions




Using the estimate for B, as expressed by Eq. (3.10), and solving for A gives
(3.15)
/122\
^ - (1^)^° - (0.946)yo,
and
(3.16) u ~ 0.908-^^.
Putting all of these results back into our assumed solution, Eq. (3.2), we
obtain the following expression for the periodic solutions of Eq. (3.1):
(0.946)yo cos(0.908y/^t)(3.17) y(0 = 1 - (0.054) cos(1.816^<)'
3.2. The Form y = A^ cos^ + B^ cos 30
There is a second expression that gives a second-order harmonic balance
solution to the differential equation of Eq. (3.1). It is
(3.18) y{t) = Ai COS0 + B\ cos 3^, 0 = a;t.
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where Ai, Bi, and uj axe to be determined as fvmctions of the initial conditions.
One way to proceed is to substitute Eq. (3.18) into Eq. (3.1), expand the
resulting expression into a trigonometric polynomial, and set the coefficients of the
cos 6 and cos 36 terms equal to zero. This would, as in the previous section, give two
relations for the three unknowns {Ai, Bi,u). One could then solve for Bi and u as
functions of Ai, and then determine Ai in terms of j/o- Hence, one would finally
obtain everything as a function of yo, i.e.,
(3.19) Ai - Ai{yo), Bi = Bi{yo), uj = uj{yo).
We have done this. However, the calculations are long and tedious.
An easier way to do this calculation is to start with Eq. (3.2) and use our
knowledge of the smallness of B to expand the denominator. Doing this gives
(•QC n
(3.20) y = — = A cos ^[1 - B cos 26 + 0(B‘^)].
1 Jd cos
Using the trigonometric relation of Eq. (3.4) allows us to write this as
(3.21) y = A
B
^ ~ Y cos6 — cos3^ + 0{B^).
Comparing Eqs. (3.18) and (3.21) gives
(3.22)
Keeping B fixed at the value B = —7/129, we can determine A from the relation
(3.23) yo = A- AB,
or
(3.24) A ~ (0.949)yo-
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This allows u, Ai and Bi to be calculated
(3.25) a? ~ (0.933)71 = 0.909v^,
(3.26) ~(0.975)yo,
(3.27) ~(0.026)yo.
Thus to terms 0{B^), with B = —7fl29, the assumed second-order harmonic
balance solution, having the form given by Eq. (3.18), is




4.1. Summary and Discussion
(4.1)
The nonlinear oscillator differential equation
y + |y|y = o,
is called an anti-symmetric quadratic oscillator because the force associative with
it
(4.2) F{y) =
is an odd function of y, i.e.,
(4.3) f(-!/) = -F(y)-
The usual situation is a force function that can be written as
(4.4) Fi(y) = -y’,
or as
(4.5) Fziy) = -y*.
The energy relations for the forces given by Eqs. (4.2), (4.4) and (4.5) are, respec¬
tively, the following forms
(4.2a) (y)^ , |yly^ .~2' “3“ ^




Note that in Eqs. (4.2a) and (4.4a), both terms on the left-sides of the respective
equations are always non-negative. Thus, it may be concluded that in the respective
phase-planes, (y,y), all the solution curves are closed.^’® Hence, all the solutions
to the original differential equations are periodic. However, the second term on the
left-side of Eq. (4.5a) is negative if y is negative and positive if y is positve. For this
case, no periodic solutions exist! Comparison of the second terms, on the left-sides,
of Eqs. (4.2a) and (4.5a) shows that the replacement of a “y” by |y| in Eq. (4.5a)
completely changes the natxire of the solutions.
It should also be indicated that the expression y^ is an analytic (in the
sense of the theory of complex variables) function of y, while the expression |y|y^ is
not an analytic frmction of y. As stated previously, the direct expansion methods
of perturbation theory will not, in general, work for these situations. For our
differential equation (4.1) there are two additional reasons why such methods cannot
be applied. First, there is no linear term in y; second, no small parameter multiplies
the nonlinear term. What we have demonstrated in this thesis is that the method of
harmonic balance can be used to calculate approximations to the periodic solutions
of nonlinear equations that contain non-analytic non-linearities. The procedure is
simple to apply. The only possible difficulty might be the step that involves solving
a high-order algebraic equation. However, the current existence of good computer
software makes this a minor problem.
We have not discussed boimds on the errors in the calculated amplitudes
and frequency. However, the general investigation of Mickens^ indicates that these
errors are of the order of 5% or less. Thus, the second-order method of harmonic
16
balance provides an excellent approximation to the periodic solutions.
From Eq. (3.25), it is observed that the angular frqeuency, w, is propor¬
tional to the square-root of the initial position, y(0) = yo, i.e..
(4.6) uj ~ 0.909>/^.
This result is a consequence of the nonlinear term in Eq. (4.1) being quadratic.
Also, the amplitude of the lowest harmonic (see A in Eq. (3.2) or Ai in Eq. (3.18))
is always proportional to yo-
An advantage of the rational form
(4.7)
Acos0
I + B cos 26 ’
9 = ut,
as compared with the other approximation to the solution of Eq. (4.1), namely.
(4.8) y = Ai cos ^ -f- J5i cos 3^,
is that Eq. (4.7) provides a functional relation that has harmonics of all the higher-
orders included, i.e., Eq. (4.7) can be written as
OO
(4.9) y = A ^a2it-i cos(2fc — l)a;t,
k=l
*
where the coefficients are functions only of B
(4.10) a2ifc-i = (J'2k-iiB).
The inclusion of contributions from the higher-order harmonics means that the
form of Eq. (4.7) provides a better approximation to the exact solution than does
the expression of Eq. (4.8).
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4.2. Extensions of Research
The research reported in this thesis can be extended in several directions.
First, it might be of value to compare the approximate analytic solutions with
accurate numerical solutions.
Second, a third-order rational form could be selected to determine an
approximate solution. One possibility for y is
(4.11)
Acos^
1 + J5i cos 29 + B2 cos A9 ’
9 = ut.
For this case, on substitution of y into Eq. (4.1), the coefficients of the harmonics
cos 9, cos 3^ and cos 59 would be set equal to zero to obtain three algebraic equations
for A, Bi, B2 and u. The solutions for B\ and B2 would give pure numbers for
their values. The angular frequency ui would be expressed in terms of A which could
then be given as a function of t/o-
Third, the differential equation
(4.12) y + y + e|y|y = 0, 0 < e < 1,
which was investigated by Mickens and Ramadhani^ using an averaging procedure
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